In this work we demonstrate numerically that the nonlinearity provided by a continuously driven two-level system (TLS) allows for the generation of Wigner negative states of the electromagnetic field confined in one spatial dimension. Here we focus on the steady-state emission from the TLS. Wigner negative states, a.k.a. Wigner nonclassical states, are desirable for quantum information protocols beyond the scope of classical computers. Assuming a coherent drive, we study under which conditions the field scattered by the TLS is characterized by a negative Wigner function.
The Wigner function [5] [6] [7] , a quasi-probability distribution which allows for a description of quantum mechanics in phase space, recently gathered relevance in the context of continuous variable (CV) quantum information [8, 9] . This is because it allows to discern the class of states necessary for achieving a quantum advantage over classical simulations. This class corresponds to Wigner nonclassical states, i.e, states characterized by a negative Wigner function [10] [11] [12] . Assuming a coherent drive, a nonlinear interaction is required in order to generate Wigner negativity.
The TLS is a nonlinear medium interacting with the incoming radiation, causing the reflection and/or transmission to be dependent on the intensity of the radiation. In order to avoid a spatial mode mismatch between incoming and scattered fields, it is desirable to confine the emission to a single spatial dimension. Artificial 1D systems provide an ideal testbed for studying the lightmatter interaction due to its enhancement as a consequence of the confinement [13] [14] [15] [16] [17] [18] [19] .
Here we study the resonant scattering from a TLS in front of a mirror. The mirror serves a twofold purpose. First, it avoids the loss of information due to an unobserved channel: a transmitted component. Second, and perhaps more important, it has been demonstrated that in this configuration it is possible to cancel the coherent component of the scattered field [20] . It is known that under suitable conditions this setup allows for single-photon generation when the TLS is driven with a pulse. Prominent examples of this are superconducting circuits [21] [22] [23] [24] and quantum dot [25] [26] [27] [28] ized by a negative Wigner function. Still, the question of steady-state emission from a continuously driven TLS remains. In contrast to the pulsed scheme for which the exponential decay of the TLS gives a known probability of detecting the emitted photon in time, we lack this information when driving continuously. The uncertainty in the emission time of the photon enhances the role of the vacuum in the emitted state. Additionally, Fock states other than the vacuum and a single-photon may contribute to the output field. In this Letter we explore if the nonlinearity of a continuously driven TLS suffices to generate Wigner nonclassical states of the electromagnetic field. Furthermore, in contrast to nondeterministic nonlinear operations commonplace in quantum optics such as photon substraction [29] or cubic phase gate approximations [30] [31] [32] , we explore steady-state generation of this class of states.
We use quantum trajectory simulations of homodyne detection [33, 34] together with Maximum Likelihood estimation [35, 36] in order to reconstruct the state and Wigner function of the scattered field. We will study under which conditions the scattered field is characterized by a negative Wigner function, and furthermore, quantify its negativity content.
The setup.-A TLS driven by a resonant coherent field of amplitude Ω is described in the rotating frame of the drive by the Hamiltonian (we set = 1 hereafter)
where Ω 2 is the incoming power andσ − (σ + ) is the TLS lowering (raising) operator. Here γ is the coupling strength to the environment-the electromagnetic field confined in 1D, containing the drive and the output fields. Considering the environment as a reservoir at zero temperature, the dissipative dynamics of the TLS is described by the quantum master equation
This setup is sketched in Fig. 1 . The behavior of a TLS in front of a mirror can be understood by studying the two-time correlations of the output field [37] â
From the steady-state of (2) (d t ρ = 0), it is straightforward to derive the correlation function
where the subscript ss indicates that expectation values are calculated in the steady-state. Here λ + = λ * − is a function of Ω and γ which we do not write explicitly for the sake of simplicity (see Supplementary Material [38] ). The time-independent part of (4) corresponds to â † out ss â out ss , or a coherent state. In both the weak (Ω 2 /γ → 0) and strong (Ω 2 /γ → ∞) driving regimes, this is the dominant behavior, i.e., â † out (t)â out (0) ss = â † out ss â out ss . For a TLS in front of a mirror there is a drive strength Ω * for which â out ss = 0 [20] . From (4) we find that Ω * 2 = γ/8. For this drive strength, the first term on the right-hand-side of (4) is equal to zero, and we only retain the time-dependent terms, meaning the response of the system is entirely incoherent. We will refer to Ω * as the incoherent drive point. A coherent state is a Gaussian state, and is therefore characterized by a positive Wigner function [39] . Thus, in order to witness Wigner nonclassicality we will focus on the drive strength Ω * for which the coherent response is supressed. Filtered modes.-The Wigner function is defined for a single bosonic mode [6] . However, the field interacting with the TLS is a propagating field and corresponds to a continuum of modes in time (or frequency). In order to construct the Wigner function we need to first pick a single mode out of this continuum. Following [40] , this can be done using a filter function. We define the filtered creation operator
If the filter function f satisifies the normalization condition
For simplicity, we choose to filter the steady-state emission from our setup with a boxcar filter [Cf. Fig. 1 ]
which is a constant function within the time interval from t 0 to t 0 + T and zero elsewhere. Here t 0 represents the time at which the measurement starts and Θ(t) is the Heaviside step function. The filter time T defines the only time scale in our problem. The Fourier transform of a boxcar filter (6) in time is a sinc function in frequency space. Correspondingly, the filter imposes an approximate bandwidth of 2/πT -the width of the sinc central peak. Thus, for a finite bandwidth spectrum, large values of T will not allow to resolve the full Ω 2 scattered power (recall that the spectrum of the output field is given by the Fourier transform of (4), i.e.,
It is important to realize that the filter function defines what is the observed mode upon tomography. For steady-state emission from a TLS we have full freedom in the selection of this function. We have also carried out the simulations presented in the next section using a Gaussian filter and the results are essentially the same. Similarly to the boxcar filter, the bandwidth set by the Gaussian filter is inversely proportional to its temporal width.
Witnessing Wigner negativity.-Homodyne tomography is a standard experimental technique which allows to reconstruct the Wigner function of an arbitrary state of light [35] . This relies on homodyne detection [36] , i.e., the measurement of the generalized quadrature operatorsâ out (t) e −iφ +â † out (t) e +iφ with φ ∈ [0, π]. The quantum state can then be inferred from the measurement statistics. Using quantum trajectories [33, 34] , we simulate a time-domain quadrature measurement of the scattered field from a TLS in front of a mirror. Using the quadrature measurement statistics we reconstruct the state of the field by means of Maximum Likelihood estimation [35, 36] . Knowing the state of the field, it is straightforward to calculate its Wigner function. We will focus on the emission from the TLS, that is, we will ignore the reflected drive field in (3). The effect of the latter is to displace the field emitted by the TLS. This operation corresponds to a translation of the Wigner function in phase space, which does not affect its negativity [38] . A thorough description of our methods can be found in Ref. [41] .
In Fig. 2 we show the Wigner function of the output field from the TLS in front of a mirror, driven with strength Ω * , for four different filter times T = 1, 3, 4 and 10 (in units of γ = 1). As can be expected based on the discussion after Eq. (4), at the incoherent drive point the output field is nonclassical as manifested by a negative Wigner function. This is the main result of this Letter.
In Fig. 3 we show the populations of the photon number states |0 , |1 and |2 as a function of the filter time T at the incoherent drive point. In this figure we compare the populations for the reconstructed states from our quantum trajectory simulations with analytical solutions. Indeed, the populations in the total, non-filtered, output field can be calculated analytically using the methods of Refs. [23, 42] . We see that for T 2/γ, there is an agreement between both solutions. This is no longer the case for larger values of T . As discussed in the previous section, the boxcar filter introduces an effective bandwidth of 2/πT . Therefore, as we increase the filter time, we are not able to detect all of the Ω * 2 T emitted photons. In addition, for filter times T 2/γ, two-photon states can safely be neglected in the output field (they constitute less than 3% of the total population). In the following, we will study the origin of negativity in a Wigner function restricted to a two-dimensional Fock space.
The most general state in the space spanned by the vacuum |0 and a single-photon |1 state is of the form ρ = ρ 0 |0 0| + ρ 1 |1 1| + (ρ 10 |1 0| + h.c.), with the normalization condition ρ 0 + ρ 1 = 1. The Wigner function of such a state is given by [43] 
with
]/π being the Wigner function of a Fock state |n (n ≥ 0) [7] , and L n [x] is the nth order Laguerre polynomial. In order to quantify the presence of Wigner negativity we will use the total integrated negativity [44] [45] [46] , defined as
This is a measure of the volume of the negative part of the Wigner function, such that N 0. In a two-dimensional Fock space, the presence of negativity (N > 0) is determined by the populations ρ 0 and ρ 1 . However, the specific relation between them for a state to be Wigner negative is set by the coherences ρ 01 = ρ * 10 , or equivalently, by the purity of the state. For a pure state a very small single-photon population (ρ 1 ∼ 0.07) is enough for the Wigner function to be negative. This negativity content is enhanced by increasing the value of ρ 1 . As the purity of the state decreases, the condition for it to be Wigner negative is roughly ρ 1 ρ 0 . The exact relation between ρ 0 and ρ 1 depends on the particular value of the purity. For an incoherent mixture of |0 and |1 , i.e., ρ 01 = ρ 10 = 0, the condition becomes
This analysis is important, as in general the output state from an atom in front of a mirror is mixed. In fact, the output state is pure only in the limit of very weak or strong driving. In the former, the field exhibits first-order coherence, while in the latter the atom plays no role in the dynamics and we get the initial coherent state reflected by the mirror. When not in the strong driving regime, we observe that the purity of the output field decreases with an increasing drive [38] .
At the incoherent drive point, from Fig. 3 it follows that near T = 2/γ, the vacuum and single-photon contributions to the state become identical. Following our previous discussion, it is around this point where we expect the Wigner function to become negative as the state is mixed [38] . To verify this, we calculate the total integrated negativity. However, to get a feeling for the mag-
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ nitude of this quantity, instead of presenting the negativity (8) we show the relative negativity N rel . We define the latter as the ratio between the total integrated negativity of our state and the total integrated negativity of a single photon N |1 0.43: N rel ≡ N /N |1 . In Fig. 4 we show the relative negativity N rel as a function of T for different drive strengths. For Ω = Ω * (open black squares in Fig. 4 ) we see that there is a correspondence between an increasing single-photon population [Cf. Fig. 3 ] and the appearance of negativity in the Wigner function. The maximum negativity occurs around T = 4/γ, and the corresponding Wigner function is shown in Fig. 2 . Here, the two-photon population is no longer negligible. Nevertheless, it is still the dominant single-photon contribution which renders the state Wigner negative. In fact, using the general expression for the Wigner function of a Fock state (given directly below Eq. (7)), it can be shown that a small population of |2 reduces the negativity contribution of |1 in a mixed state Therefore, it is the increasing two-photon population which stops the negativity from growing further. For longer filter times (T > 4/γ), the negativity N decreases to zero. Here, higher number states are also involved and the analysis is not straightforward.
We have numerically verified that the largest negativity achieved for the output of a TLS in front of a mirror occurs at the incoherent drive point. In Fig. 4 , we compare the integrated negativity for different drive strengths in order to show the observed characteristic behavior. For Ω > Ω * (filled red diamonds and open green circles in Fig. 4) , the output state is also mixed and therefore, using the two-dimensional Fock space approximation, the state becomes negative whenever ρ 1 ρ 0 . Plots of the corresponding populations can be found in [38] . Also for drive strengths Ω > Ω * , the approximation of a two-dimensional Fock space breaks down at smaller values of T compared to the incoherent drive point. This means that the single-photon population becomes dominant at a shorter filter time T , which explains the shift in the position of the maximum N towards smaller T for stronger drives. In these cases, the enhanced presence of higher number states (|n , n ≥ 2) in the output notably reduces the maximum negativity achieved.
The case Ω < Ω * (filled blue squares in Fig. 4) , is different because the purity of the state is close to one. Following the discussion after Eq. (8), a smaller singlephoton population is sufficient for the state to become negative. Consequently, the transition from zero to nonzero negativity is less sharp than for Ω ≥ Ω * . For the same reason, negativity is present for a larger range of values of T compared to stronger drives.
In Ref. [18] , the authors provide an analytical calculation of the Wigner function in order to explain the phasedependent nature of squeezing in resonance fluorescence. We believe that their approach, mapping the steady-state of the TLS into the field, does not correspond to steadystate emission. This is correct if the drive field is switched off once the steady-state is reached and the emission from the TLS is homodyned with a filter matching its decay in time.
The setup presented in here is already experimentally feasible. Most notable realizations are found in superconducting circuits and quantum dots. In superconducting circuits, a measurement scheme closely resembling optical homodyne detection corresponds to phase sensitive amplification. Whereas this is not a commonly exploited technique for characterizing propagating fields, it has been implemented [47] . Nevertheless, there are alternatives schemes for characterizing propagating fields [21, [48] [49] [50] [51] . An alternative to the mirror is to employ two separate channels for the drive and output fields. Introducing an asymmetry in the coupling of the TLS to both channels minimizes the reflection through the drive channel. However, losses are unavoidable in this scheme [42, 52] . Quantum state tomography for the scattering of coherent states on an array of quantum dots has already been reported [53] .
Conclusions.-We have calculated the Wigner function of one-dimensional resonance fluorescence from a TLS in front of a mirror. We use the mirror to exactly cancel the coherent emission from the TLS. We have shown that at the incoherent drive point the Wigner function achieves its maximum negativity content.
Protocols have been demonstrated where, e.g., the cubic phase gate, which allows to promote the Gaussian set of gates to a universal set [9] , can be obtained by using input non-Gaussian ancillary states together with Gaussian operations and measurements [32, 54] .
Therefore, we have verified that this simple setup suffices to generate the class of states necessary for universal quantum computing beyond the scope of classical computers.
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We now introduce the (unitary) displacement operatorD(α) on a bosonic mode annihilated (created) byâ (â † ) satisfying the commutation relation [â,
Its action on the annihilation operator is defined bŷ
We can rewrite (15) in terms of the quadrature operatorsx = (â † +â)/2 andp = i(â † −â)/2:
Its action on the position quadrature eigenstates |x (x|x = x|x ) iŝ
The displaced state ρ α is defined by
Following the definition (14) , the Wigner function of the displaced state is
Using relation (18) , this reduces to
Comparing (14) and (21), we see that they are related by a translation, i.e., we go from (21) to (14) by shifting the origin of phase space from (0, 0) to (Re(α), Im(α)). The Wigner function is simply displaced by |α| 2 .
Photon populations
In Figs. 5, 6 and 7 we show the photon populations in the filtered output field as a function of the filter time T and for drive strengths Ω = 0.2, 0.5 and 0.8 (in units of γ = 1). These populations correspond to the states studied in the main text [Cf. Fig. (4) ].
Purity
In Fig. 8 we show the purity of the filtered output field as a function of the filter time T and for drive strengths Ω = 0.2, 0.35, 0.5 and 0.8 (in units of γ = 1). These correspond to the states studied in the main text [Cf. Fig. (4) ].
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